Abstract-In this paper, the synthesis of a passive complex filter has been described. First, a normalized real coefficient filter is transformed into a complex coefficient filter, which includes imaginary-valued resistors by using a proposed frequency transformation. Second, a complex filter using passive elements is presented. The proposed circuit consists of terminating resistors, capacitors, and transformers with finite self-inductances and coupling coefficients equal to or less than unity. A third-order complex Chebyshev bandpass filter is designed using practical passive elements, and its frequency response is measured. It is shown that the experimental circuit exhibits bandpass characteristics (90-110 kHz) and an image rejection of 53 dB.
I. INTRODUCTION
A N ANALOG filter is one of the most important building blocks in communication systems. The most fundamental filter is an LC filter. Since it exhibits a low noise property and provides a desirable frequency response over a wide frequency range, it is widely used in the front-end circuits of radio systems. However, the inductor in an LC filter is unsuitable for integration. In particular, the element value of the inductor becomes high when the operation frequency of the LC filter is relatively low. To solve this problem, many RC-active filters have been proposed [1] - [3] . An RC-active filter has a cascade configuration of the second-order sections such as the Sallen-Key circuit [1] , Biquad circuit [2] , and so on. This structure is employed because the number of active elements in it is relatively small. The problem with this structure is that a high-order filter has high sensitivity. Another method is to simulate a doubly terminated LC filter by using an RC-active circuit; this type of filter can inherit the low-sensitivity property of the prototype LC filter [3] . The synthesizing theory of an LC filter has been accomplished; however, it remains a fundamental theory for modern active filter design.
The above-mentioned filter is a real coefficient filter (real filter) whose frequency response is symmetrical with respect to dc . Recently, many techniques with regard to complex coefficient filters (complex filters) have been proposed in order to realize high-performance signal processing. This complex filter has two input terminals: real and imaginary input terminals. As a result, the complex filter has an unsym- [13] . A polyphase filter [4] , [5] is suitable for integrated circuits since it has only capacitors and resistors. However, the resistors lead to power dissipation. As a result, the RC polyphase network has a comparatively high transmission loss.
A frequency-shifting method [6] , [8] - [13] simply shifts the frequency response of the prototype filter along the direction of the frequency axis. As a result, the frequency response is symmetrical with respect to the shifting frequency [6] . Extended frequency transformations [7] convert the frequency axis of the prototype filter to that of a complex filter by using a bilinear function. These methods generate an imaginary valued resistor called an imaginary resistor. Its resistance is a constant, pure, and imaginary value, regardless of the frequency; in other words, it is not a practical component. Therefore, the most important problem is to equivalently realize an imaginary resistor by using practical components. An imaginary resistor can be equivalently realized by using a gyrator [12] . However, it is difficult to realize a gyrator using practical passive elements because of its reciprocity. An imaginary resistor can also be equivalently realized by using ideal transformers [13] . In this paper, the frequency-shifting method is used to design the prototype filter. Unfortunately, the resulting complex filter requires an ideal transformer-a transformer with infinite self-inductance. Therefore, it is also difficult to realize this filter by using practical passive components. As described above, most of the conventional complex filters inevitably require active elements. However, the investigation of passive complex filters is important from the viewpoint of their active realization in the same way as conventional real filters. This paper proposes complex filters using practical passive components. The proposed frequency transformation method is suitable for passive realization. The resulting complex filter includes terminating resistors, capacitors, and transformers with finite self-inductances. Further, as a design example, a third-order complex Chebyshev bandpass filter (BPF) is designed using practical passive elements, and its frequency response is measured.
II. DESIGN METHODOLOGY

A. Proposed Frequency Transformation
Conventionally, a real BPF is designed by using a low-pass filter (LPF)-BPF transformation. In this technique, the frequency axis of a normalized real LPF is converted to that of 1549-8328/$25.00 © 2008 IEEE a real BPF. The proposed complex filter is also designed by using a frequency transformation. Fig. 1 shows the proposed frequency transformation. In this figure, the frequency axis of the real filter is converted to that of the complex filter. Because the proposed filter is obtained only by frequency transformation, the passband ripple of the proposed filter is the same as that of the normalized real LPF. The function is defined as (1) (2) where is a real constant, and is the coupling coefficient of the transformer. For the practical transformer, may be greater than 0.9. In particular, the value of for the transformer used in the experiment described in Section III is approximately 0.94. Equation (2) is introduced to simplify the synthesis of the complex filter. Therefore, and are the values obtained from the components included in the resulting complex filter. From  Fig. 1 , the following simultaneous equations can be obtained:
, we have (4) where , and . Fig. 2(a) shows the normalized real LPF. The transfer function of the resulting complex (5) The admittance of the capacitor becomes (6) In these equations, is an imaginary unit. Table I summarizes the element transformations given by (5) and (6) . From Table I , it is found that the resulting complex filter includes the element with an impedance of either or . It is referred to as an imaginary resistor. The imaginary resistor has a purely imaginary resistance, regardless of the frequency . Therefore, this element is not a practical element. The prototype filter shown in Fig. 2(a) is transformed to the complex filter shown in Fig. 2(b) through the proposed frequency transformation. 
B. Imaginary Resistor
The circuit equation of the imaginary resistor shown in Fig. 3(a) has the following form:
The voltage and current can be decomposed into their real and imaginary components (8) The subscripts and denote the real and imaginary signal paths, respectively. This means that the complex filter has real and imaginary circuits. Substituting (8) into (7) yields (9) When this equation is regarded as a -matrix, which indicates the relationship between the ports and , its configuration reveals that the imaginary resistor can be equivalently realized by using a gyrator with a gyration resistance of [12] . Now, we introduce and defined as follows: (10) where is a positive constant. It should be noted that (10) implies that the current and voltage are interchanged in the imaginary circuit. Therefore, the imaginary circuit must represent a dual of the real circuit. Substituting (10) into (9) yields (11) This equation is in the -matrix form. Rewriting it in an -matrix form yields (12) It should be noted that the sign of is inverted since the current direction of the -matrix is opposite to that of the -matrix. Equation (12) represents an ideal transformer embedded between the real and imaginary circuits. Therefore, the imaginary resistor shown Fig. 3(a) can be equivalently realized by using the ideal transformer whose turn ratio is as shown in Fig. 3(b) [13] .
The dual circuit [14] shown in Fig. 4(b) can be obtained as follows. When the relationship between two elements and is given by , they act as dual elements, as listed in Table II . The dual of the original circuit shown in Fig. 4(a) can be obtained using the following procedure.
Step 1) Place nodes 1-6 inside each loop and node 7 outside the real circuit.
Step 2) Draw dotted lines connecting two nodes through the elements in the original circuit.
Step 3) Assign the elements traversed by the dotted lines to their dual elements, as listed in Table II . Fig. 4(b) shows the resulting dual circuit. The ideal transformers couple the real and imaginary circuits. The polarities of transformer can be determined through the following procedure.
Step 1) Assume that the current flows in the clockwise direction around node 2, as shown in Fig. 4(a) . 1 We place a node on the side of the coil from which current flows inward.
Step 2) The polarity of the secondary winding is assumed such that current flows into node 2 of the dual circuit. This means that we place a node on the side of the coil from which the current flows outward. The above procedure can be applied to the other ideal transformers and for nodes 4 and 5. A combination of the circuit shown in Fig. 4(a) with that shown in 4(b) yields the complex filter shown in Fig. 5 . In this figure, is set to unity for simplicity. For , the input resistances of the real circuit is the same as of the imaginary circuit. 2 Under this condition, the amplitude of is the same as that of . Fig. 6(a) shows the ideal transformer with the surrounding elements used in the complex filter shown in Fig. 5 . The impedances and and the transfer gain can be represented as (13) Fig. 6(b) shows the equivalent circuit of the loosely coupled transformer;
C. Loosely Coupled Transformer
represents the mutual inductance. From this figure, we have On the basis of the above assumptions, it is found that the circuit shown in Fig. 6(a) is equivalent to the circuit shown in Fig. 6(c) . Therefore, as shown in Fig. 7 , the proposed complex filter can be realized by using the loosely coupled transformer.
Equation set (15) implies that all of the transformers included in the proposed circuit have the identical mutual inductance . When a high-order filter is designed, a complex filter can be realized by cascading the building blocks surrounded by the broken lines in Fig. 7 .
III. DESIGN EXAMPLE
First, a complex filter that satisfies the following specifications is designed.
A third-order complex BPF Passband ripple dB Passband edges rad/s and rad/s Coupling coefficient The circuit configuration of the normalized LPF is the same as that in Fig. 2(a) . In this figure, , and [15] . Substituting into (2) yields . Substituting rad/s and rad/s in (4) yields (16) The element values shown in Figs. 2(b) , 5, and 7 become (17) Second, the element values of the experimental circuit are listed in Table III . The element values are scaled such that , and the impedance level become 90 kHz, 110 kHz, and 200 , respectively. The deviations between the desired and measured element values are within 0.5%. Fig. 8 shows the transformer constructed for experimental purposes. As shown in this figure, the transformer is realized by using a ferrite pot core. In order to reduce the coupling capacitance between the primary and secondary windings, the bobbin is equipped with a separator. The bobbin is a Delrin rod shaped using a turning lathe. As a result, the coupling capacitance is reduced. The measured value of is approximately 0.94. Fig. 9 shows the experimental results obtained by the measurement technique described in [16] , [17] . The experimental results show that the proposed filter exhibits a complex bandpass response and an image rejection of 53 dB. It is found that the deviation between the measured and ideal frequency responses is caused due to the parasitic elements. In this figure, the parasitic elements include the dissipation and coupling capacitances of the transformers. , and . The specifications are the same as those given above, except for the value of . This figure shows that the value of influences the frequency characteristics. By using the proposed method, the complex filter that includes a loosely coupled transformer with satisfying can be designed. Generally, from the viewpoint of application purposes, it is desirable that the image rejection be as large as possible. Fig. 10 shows that the lower the value of , the smaller the image rejection. Therefore, it is desirable to use a transformer with the highest possible value of . If it is difficult to use such a transformer, then a higher order normalized real low-pass prototype filter can be used. Fig. 11 shows the calculated results of the worst case sensitivities of the gain to the variation of the elements included in the proposed and the conventional circuits [13] . It should be noted that the conventional circuit cannot be realized by using only the practical passive components because ideal transformers are required. From Fig. 11 , it is found that both the circuits have similar sensitivity characteristics. In particular, for the negative frequencies near kHz, they possess very high sensitivity. This implies that the proposed method also requires very small element tolerances and the absence of noticeable parasitic elements when high image rejection is required.
IV. CONCLUSION
In this paper, a passive complex filter has been proposed. The proposed circuit is obtained by using a frequency transformation technique different from the conventional frequency-shifting method. The proposed frequency transformation is suitable for passive realization. The resulting complex filter includes passive components, namely, transformers, capacitors, and terminating resistors.
As an example, a third-order complex filter has been designed. Since the value of influences the image rejection, it is desirable that we use a transformer with the highest possible value of from the viewpoint of its manufacturing cost. The transformer included in the experimental circuit is realized using a ferrite pot core. The transformer functions as an imaginary resistor including the surrounding inductors; the combination of this transformer and the surrounding capacitors can be used to realize the proposed complex filter. The proposed method has been validated through experiments. The experimental results are in good agreement with the simulated frequency characteristics. Further investigation is required to eliminate the transformers from the passive complex filter.
